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Abstract
We calculate next to leading order QCD corrections to semi-inclusive polarized
deep inelastic scattering and e+e− annihilation cross sections for processes where
the polarization of the identified final-state hadron can also be determined. Using
dimensional regularization and the HVBM prescription for the γ5 matrix, we com-
pute corrections for different spin-dependent observables, both in theMS andMSp
factorization schemes, and analyse their structure. In addition to the well known
corrections to polarized parton distributions, we also present those for final-state
polarized fracture functions and polarized fragmentation functions, in a consistent
factorization scheme.
CERN-TH/96-261
October 1996
1On leave of absence from Departamento de F´ısica, Universidad de Buenos Aires, Ciu-
dad Universitaria Pab.1 (1428) Bs.As., Argentina.
1. Introduction
In recent years, a considerable degree of attention has been paid to the
semi-inclusive production of Λ hyperons and their polarization. The ap-
proaches include experimental programmes to measure polarized fragmenta-
tion functions in e+e− → Λ + X [1] and semi-inclusive lepton-proton deep
inelastic scattering (DIS) [2, 3], both in the current fragmentation region, as
well as models for the production of these hyperons in existent pp¯ and DIS
experiments, but in the target fragmentation region [4]. Many of these stud-
ies are closely related to the interpretation of the proton spin structure [5, 6],
due to the possibility of reconstructing it from the observed Λ polarization.
Notwithstanding this increasing experimental interest in spin-dependent
semi-inclusive Λ physics, and also the important phenomenological insights
related to the production of these hyperons in different processes, QCD cor-
rections to such cross sections have received little attention. These correc-
tions, however, have been shown to be crucial for the interpretation of totally
inclusive polarized DIS experiments related to the spin structure of the pro-
ton [5, 6], and they certainly would have a non-negligible role in polarized
Λ production. On the other hand, one would naturally expect any parton
model-inspired phenomenological description of the processes to mould into
the more formal QCD-improved description, at least in some adequate limit.
A description including fracture functions [7, 8] allows not only a consis-
tent factorization of the collinear divergences characteristic of semi-inclusive
processes, but also a perturbative picture of events where the identified final-
state hadron comes from the target fragmentation region.
In addition to their phenomenological interest, QCD corrections to po-
larized semi-inclusive processes involve some theoretical subtleties, such as
factorization procedures [9], which in this case have to be extended to po-
larized fragmentation functions, and final-state polarized fracture functions,
and which deserve a very careful treatment. In a recent paper [10] we have
computed the O(αs) corrections to the one-particle inclusive polarized DIS
cross sections, using dimensional regularization [11] and the HVBM [12] pre-
scription for the γ5 matrix, discussing different factorization schemes. The
analysis includes also target fragmentation effects by means of polarized frac-
ture functions, but the polarization of the identified hadron is not taken into
1
account, given that the observables under study are those related to pions
and kaons in the final state.
In this paper we extend the approach of ref. [10] in order to include the
possibility of polarized hadrons, such as the Λ, in the final state. This inclu-
sion requires the computation ofO(αs) corrections to polarized fragmentation
functions, which dominate Λ production in the current fragmentation region
and can be measured in e+e− → Λ+X , and also to final-state polarized frac-
ture functions, which, as it has been said, account for target fragmentation
effects and make possible a consistent factorization of collinear singularities
in semi-inclusive DIS.
Next to leading order (NLO) corrections to polarized fragmentation func-
tions have been addressed recently in refs. [13], using massive gluons to
regulate infrared singularities. In this paper, however, we keep dimensional
regularization and we propose a factorization prescription similar to the ones
of our previous work [10, 14]. The factorization prescriptions for final-state
polarized fracture functions can be generalized directly from those for po-
larized parton distributions, which guarantee the usual current conservation
properties [15, 14]. The use of a common regularization procedure and natu-
ral factorization prescription allows a consistent and more direct analysis of
cross sections for different processes.
In the following section we introduce the formal framework for obtaining
the QCD corrections to polarized fragmentation functions in e+e− annihi-
lation processes, and we specify our choice for factorization. In the third
section we do the same for fracture functions, discussing there the structure
of the different cross sections resulting from the combinations of polarization
in the initial and final states. Finally, we summarize our results and present
conclusions.
2. e+e− annihilation
In this section we obtain the NLO corrections for the semi-inclusive pro-
duction of a longitudinally polarized hadron (h) in e+e− annihilation. This
process, besides offering the clearest way to define at leading order, and
eventually measure, the polarized fragmentation functions, allows us to show
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our choice for the factorization prescription, which defines the fragmentation
functions beyond the leading order.
These corrections have recently been obtained in ref. [13], using off-shell
gluons as regularization prescription. Since we want to make contact with
previous calculations for other semi-inclusive DIS processes, which were per-
formed using dimensional regularization, we first obtain the above-mentioned
corrections using the latter prescription.
The usual kinematical variables used for the description of processes like
the one under consideration, i.e. e+(l)e−(l′)→ h(p) +X , are
z =
2 p.q
Q2
and Q2 = q2, (1)
where the variable q denotes the four-momentum of the virtual photon, and
is defined by the momentum of the incoming leptons, q = l + l′. In terms of
these variables it is possible to write down the photon fragmentation tensor
Wµν , whose antisymmetric part W
A
µν is
WAµν = 2
iNc
z2Q2
ǫµνρσq
ρsσgh1 . (2)
We do not include here the piece related to the additional semi-inclusive
structure function gh2 , which only contributes in the case of transverse polar-
ization.
Taking the difference between the cross sections for the processes where
the incoming electron and the outgoing hadron are polarized parallel and
antiparallel to each other, we obtain
dσ(↑↑ − ↓↑)
dz d(cos θ)
= α2
Ncπ
Q2
gh1 cos θ; (3)
here θ is the angle between the hadron and the beam directions.
In the naive parton model, the polarized structure function gh1 (z) is given
by the convolution between the partonic cross section corresponding to the
Feynman diagram of fig. 1a and the polarized semi-inclusive fragmentation
functions
∆Dh/q(z) = D
h↑
q↑ (z)−D
h↑
q↓ (z), (4)
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i.e.
gh1 (z) =
Nf∑
q
e2q [∆Dh/q(z) + ∆Dh/q¯(z)]. (5)
In NLO of QCD, the interference between the diagrams of figs. 1a and
1b, that between the first one and those in 1c and 1d, as well as the whole
contributions from the diagrams of fig. 2 are included, in both cases taking
into account that either quarks or gluons undergo hadronization. Then, eq.
(5) develops the less trivial convoluted expression:
gh1 (z, Q
2) =
Nf∑
q
e2q
∫ 1
z
dy
y
{[
δ(1− y) + ∆Cq
(
y,
Q2
µ2
)]
×[
∆Dh/q
(
z
y
)
+∆Dh/q¯
(
z
y
)]
+∆Cg
(
y,
Q2
µ2
)
∆Dh/g
(
z
y
)}
. (6)
Since in some intermediate steps of the calculation, both infrared and
soft collinear divergences appear, (the UV divergences can be avoided by
working in the Landau gauge), it is necessary to define a prescription to
isolate them. For this purpose, and throughout this paper, we use dimen-
sional regularization and the HVBM scheme, which allows us to deal with
typically four-dimensional objects such as ǫµνρσ and γ5 in a fully consistent
way. As is well known [9, 16], spurious terms appear in this scheme because
of the breaking of the chiral symmetry. These terms can be absorbed in the
factorization procedure in order to keep the naive interpretation of the first
moment of the polarized fragmentation function, i.e. as the fraction of the
spin of the parton carried by the outgoing hadron.
In order to calculate the NLO corrections, it is useful to define the vari-
ables xi = 2 ki.q/Q
2 = 2Ei/Q, in terms of the momentum carried by the
three-final state partons. For the sake of simplicity, we choose the z direc-
tion as that of the parton labelled by the index 1, and φ as the angle between
the parton labelled 2 and the z direction. Momentum conservation implies
that
x2 =
1− x1
1− x1(1− y)
, (7)
where
y =
1 + cos φ
2
, (8)
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and integrating over the particles labelled 2 and 3 (particle 1, which under-
goes hadronisation, is not integrated), the three (2 + 1) particle phase space
reduces to
PS(2+1) =
(4π)ǫ
8π
∫ 1
0
dy
x1−2ǫ1
1− x1
x22
∫ Q2x2
2
y(1−y)
0
d|kˆ|2
|kˆ|−2(1+ǫ)
Γ(−ǫ)
. (9)
Here |kˆ|2 is the square of the d − 4 = −2 ǫ dimensional component of the
momentum of the outgoing (integrated) particles 2 and 3.
Projecting conveniently the matrix elements corresponding to the dia-
grams in fig. 2, and integrating over the phase space, we obtain the real
emission contributions to ∆Cq (we label the outgoing quark as number 1):
∆Cq
(
y,
Q2
µ2
)
=
(
4πµ2
Q2
)ǫ
Γ(1− ǫ)
Γ(1− 2ǫ)
αs
2π
CF
{
−
1
ǫ
[
3
2
δ(1− y) +
1 + y2
(1− y)+
]
+ δ(1− y)
[
2
ǫ2
+
3
ǫ
+ 8−
2
3
π2
]
+∆fDq (y)
}
, (10)
with
∆fDq (y) = δ(1− y)
[
2
3
π2 −
9
2
]
−
3
2
(
1
1− y
)
+
+ (1 + y2)
(
ln(1− y)
1− y
)
+
+ 2
1 + y2
1− y
ln y −
3
2
(1− y)− 2 ̂(1− y). (11)
In the last equation, we have kept track of terms originated in the 4 − 2 ǫ
dimensional momentum integration, writing them under hats just for factor-
ization purposes. The second term in the r.h.s. of eq. (10), which contains
the infrared divergences, cancels identically when adding the virtual contri-
butions coming from the interference of diagrams in fig. 1, as is generally
expected.
The same procedure can be applied in order to obtain the gluonic coeffi-
cient (now, labelling the gluon as parton 1) obtaining
∆Cg
(
y,
Q2
µ2
)
=
(
4πµ2
Q2
)ǫ
Γ(1− ǫ)
Γ(1− 2ǫ)
αs
2π
CF
{
−
1
ǫ
[2 (2− y)] + ∆fDg (y)
}
, (12)
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with
∆fDg (y) = 2
{
(2− y) ln[(1− y)y2]− (2− y)− 2 ̂(1− y)} . (13)
Having computed the whole cross section up to next to leading order, we
are now able to factorize the divergences by means of the definition of scale-
dependent polarized fragmentation functions (∆Dh/q(z, Q
2) and ∆Dh/g(z, Q
2)).
Fixing the factorization scale µ2 equal to Q2, in theMS scheme the prescrip-
tion amounts to absorbing only the 1/ǫˆ terms. It has been shown that within
the HVBM method this prescription leaves unsubtracted some soft finite con-
tributions directly related to the hat terms. It is also frequent to define a
different scheme, called MSp [15], where these contributions are subtracted.
The general expression for the distributions, whithout specifying any scheme,
is then given by
∆Dh/q(z) =
∫ 1
z
dy
y
{[
δ(1− y) +
αs
2π
(
1
ǫˆ
∆Pq←q(y)− CF∆f˜
D
q (y)
)]
×
∆Dh/q
(
z
y
,Q2
)
+
(
1
ǫˆ
∆Pg←q(y)− CF∆f˜
D
g (y)
)
∆Dh/g
(
z
y
,Q2
)}
, (14)
where
1
ǫˆ
≡
1
ǫ
Γ[1− ǫ]
Γ[1− 2ǫ]
(
4πµ2
Q2
)ǫ
=
1
ǫ
− γE + log 4π + log
µ2
Q2
+O(ǫ) (15)
In the MSp scheme, the finite subtraction terms ∆f˜
D
q (y) = ∆f˜
D
g (y) =
4 (y − 1) are designed to absorb the soft contributions coming from the real
gluon emission diagrams in fig. 2 and, therefore, they are the same as the
one obtained for the definition of NLO polarized quark distributions in DIS.
In fact, the hat terms obtained for the real gluon emission diagrams in DIS
are equal to the ones obtained in this analysis.
Using the former definition for NLO distributions, the final expression for
the semi-inclusive structure function reads
gh1 (z, Q
2) =
Nf∑
q
e2q
∫ 1
z
dy
y
{[
δ(1− y) +
αs
2π
CF
(
∆fDq (y)−∆f˜
D
q (y)
)]
×[
∆Dh/q
(
z
y
)
+∆Dh/q¯
(
z
y
)]
+
αs
2π
CF
[
∆fDg (y)− 2∆f˜
D
g (y)
]
∆Dh/g
(
z
y
)}
(16)
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where, as usual, in the MS scheme the finite subtracted terms are chosen to
be zero.
Notice that although the full expression for the cross sections, and the
definition of scale-dependent densities, differs from those of refs.[13] in the
finite terms, the evolution kernels, which are not scheme-dependent, are iden-
tical, as expected.
3. Semi-Inclusive Deep Inelastic Scattering
With the definition for polarized fragmentation functions given in the
previous section, eq. (14), we are now able to compute the NLO corrections
for semi-inclusive DIS in the case in which the final-state hadron is polarized.
NLO contributions for processes with unpolarized final-state hadrons (with
either polarized or unpolarized initial states) have been computed in refs.
[10] and [8], respectively, so we refer the reader to these for most of the
definitions and conventions.
Using the usual kinematical DIS variables for the interaction between a
lepton of momentum l and helicity λl and a nucleon A of momentum P and
helicity λA
x =
Q2
2P · q
, y =
P · q
P · l
, Q2 = −q2 and SH = (P + l)
2, (17)
the differential cross section for the production of a hadron h with energy
Eh = z EA(1 − x) and helicity λh (with n partons in the final state) can be
written as
dσλlλAλh
dx dy dz
=
∫ du
u
∑
n
∑
j=q,q¯,g
∫
dPS(n)
α2
SHx
1
e2(2π)2d
×
[
YM(−g
µν) + YL
4x2
Q2
PµPν + λlYP
x
Q2
iǫµνqP
]
×
∑
λ1,λ2=±1
Hµν(λ1, λ2)
{
Mj,h/A
(
x
u
,
Eh
EA
,
λ1
λA
,
λh
λA
)
(1− x)
+ fj/A
(
x
u
,
λ1
λA
) ∑
iα=q,q¯,g
Dh/iα
(
z
ρ
,
λh
λ2
)
1
ρ
 (18)
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where ρ = Eα/EA. The helicity-dependent partonic tensor is defined by
Hµν(λ1, λ2) =Mµ(λ1, λ2)M
†
ν(λ1, λ2), (19)
where Mµ is the parton-photon matrix element with the photon polariza-
tion vector subtracted. Here λ1 and λ2 are the helicities of the initial- and
final-state partons respectively. Both fj/A and Dh/iα are the usual parton
distribution and fragmentation functions, respectively, which represent the
probabilities of finding a parton j or a hadron h with a given momentum
fraction and helicity with respect from the parent particle (the target A or
the parton iα, respectively).
As was shown in ref. [7], it is necessary to introduce a new distribution for
semi-inclusive processes, the fracture function, which gives the probability of
finding a polarized parton j and a polarized hadron h in the nucleon, denoted
by Mj,h/A
(
x
u
, Eh
EA
, λ1
λA
, λh
λA
)
. Including them, it will be possible to factorize all
the collinear divergences that remain in the NLO contributions after the
redefinition of the scale-dependent parton distribution and fragmentation
functions.
Taking different linear combinations of cross sections for targets and final-
state hadrons with equal or opposite helicities, it is possible to isolate parton
distributions, fragmentation functions and fracture functions of different kind
and their QCD corrections. For example, taking the sum over all the helicity
states
σ = σλl++ + σλl+− + σλl−+ + σλl−−, (20)
the result is proportional to a convolution of unpolarized parton distributions,
fragmentation and fracture functions [8] 2. Taking the difference between
cross sections with opposite target helicities, as in ref. [10]:
∆σ = (σλl++ + σλl+−)− (σλl−+ + σλl−−), (21)
the result contains polarized parton distributions, single polarized fracture
functions (single initial-state polarization), and unpolarized fragmentation
functions. In the following two subsections, we consider the two remaining
2Notice the slight difference in the normalization used here (a factor of 2) with respect
to ref. [8], where an average over the polarizations of the target was taken.
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possibilities, which represent the case where only the final-state hadron po-
larization is put in evidence (single final-state polarization) at cross section
level:
σ∆ = (σλl++ − σλl+−) + (σλl−+ − σλl−−), (22)
and that where both polarizations are relevant (double polarization):
∆σ∆ = (σλl++ − σλl+−)− (σλl−+ − σλl−−). (23)
3a. Single (final-state) polarization
It is straightforward to show that the single (final-state) polarization cross
section σ∆ is proportional to the convolutions
σ∆ ∝ fj/A(x/u)⊗H∆(u, ρ)⊗∆Dh/iα(z/ρ)
+(1− x)M∆j,h/A(x/u, (1− x)z)⊗∆H
′(u) (24)
where the first term corresponds to current fragmentation processes and the
second to fragmentation of the target. In the former, fj/A(x/u) are just the
unpolarized parton distributions, ∆Dh/iα(z/ρ) are the polarized fragmen-
tation functions defined in section 2, and H∆ =
∑
λ1,λ2 λ2H(λ1, λ2) is the
partonic tensor for polarized final states. The convolutions are those defined
by eq. (18). In the second term of eq. (24) we have defined the final state
polarized fracture function as
M∆ = Mj,h/A (+,+) +Mj,h/A (−,−)−Mj,h/A (+,−)−Mj,h/A (−,+) , (25)
where we have omitted the first two kinematical arguments in the fracture
functions, and the single polarized tensor ∆H ′ =
∑
λ1,λ2 λ1H(λ1, λ2) (inte-
grated in ρ).
Computing the matrix elements of the diagrams in figs. 4, 5 and 6,
contracting with the adequate projector
P µνpol ≡
α2
SHx
1
e2(2π)2d
x
Q2
iǫµνqP , (26)
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and integrating them over the phase space as it done in ref. [10], we finally
find:
dσ∆
dx dy dz
= Y pλl
∑
i=q,q¯
ci
{∫ ∫
A
du
u
dρ
ρ
{
qi
(
x
u
)
∆Dqi
(
z
ρ
)
δ(1− u)δ(1− ρ)
+ qi
(
x
u
)
∆Dqi
(
z
ρ
)
×
αs
2π
[
−
1
ǫˆ
(∆Pq←q(ρ)δ(1− u) + Pq←q(u)δ(1− ρ)) + CfΦ∆qq(u, ρ)
]
+ qi
(
x
u
)
∆Dg
(
z
ρ
)
×
αs
2π
[
−
1
ǫˆ
(
∆Pg←q(ρ)δ(1− u) + Pˆ∆gq←q(u)δ(ρ− a)
)
+ CfΦ∆qg(u, ρ)
]
+ g
(
x
u
)
∆Dqi
(
z
ρ
)
×
αs
2π
[
−
1
ǫˆ
(
Pq←g(u)δ(1− ρ) + Pˆ∆qq¯←g(u)δ(ρ− a)
)
+ TfΦ∆gq(u, ρ)
]}
+
∫
B
du
u
(1− x)
{
M∆qi
(
x
u
, (1− x)z
)
δ(1− u)
+ M∆qi
(
x
u
, (1− x)z
)
αs
2π
[
−
1
ǫˆ
∆Pq←q(u) + CfΦ∆q(u)
]
+ M∆g
(
x
u
, (1− x)z
)
αs
2π
[
−
1
ǫˆ
∆Pq←g(u) + TfΦ∆g(u)
]}}
(27)
where the coefficients Φ∆ij are given in the Appendix,
cj = 4πQ
2
qj
α2
SHx
, (28)
and the integration limits can be found in ref. [10].
The poles proportional to δ(1 − u) and to the polarized Altarelli-Parisi
kernels ∆Pi←j [17] correspond to final-state singularities and are subtracted
with the definition of the NLO polarized fragmentation functions given in
section 2. The coefficients Φ∆ij contain finite soft terms (proportional to
the terms marked with hats) related to polarized final-states which are also
subtracted by means of eq. (14) in the MSp scheme.
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Those poles proportional to δ(1 − ρ) and to the unpolarized kernels are
related to the initial-state singularities and are therefore subtracted by the
NLO definition of unpolarized parton distributions. In this case both theMS
and the MSp schemes coincide, since we are dealing here with unpolarized
initial-state processes, so there are no finite soft terms. Notice that there are
no hat terms proportional to δ(1− ρ) in the coefficients.
Finally, the poles proportional to δ(ρ− a), where a = x(1− u)/u(1− x),
represent configurations where the hadrons are produced by the current but
in the direction of the incoming nucleon. These are subtracted along with
the target-initiated singularities (homogeneous) by the NLO definition of
final-state polarized fracture functions
M∆qi(ξ, ζ) =∫ 1
ξ
1−ζ
du
u
{[
δ(1− u) +
αs
2π
(
1
ǫˆ
∆Pq←q(u)− Cf∆f˜
MH
q (u)
)]
M∆qi
(
ξ
u
, ζ, Q2
)
+
αs
2π
[
1
ǫˆ
∆Pq←g(u)− Tf∆f˜
MH
g (u)
]
M∆g
(
ξ
u
, ζ, Q2
)}
+
∫ ξ
ξ+ζ
ξ
du
u
u
x(1− u)
{
αs
2π
[
1
ǫˆ
Pˆ∆gq←q(u)− Cf∆f˜
MI
q (u)
]
×qi
(
ξ
u
,Q2
)
∆Dg
(
ζu
ξ(1− u)
, Q2
)
+
αs
2π
[
1
ǫˆ
Pˆ∆qq¯←g(u)−
αs
2π
Tf∆f˜
MI
g (u)
]
× g
(
ξ
u
,Q2
)
∆Dqi
(
ζu
ξ(1− u)
, Q2
)}
(29)
where the homogeneous (MH) and inhomogeneous (MI) counterterms in
the MSp are given by
∆f˜MIq (u) = ∆f˜
MH
q (u) = 4 (u− 1) (30)
∆f˜MIg (u) = ∆f˜
MH
g (u) = 2 (1− u).
These are identical to those in the final-state polarized case, since the struc-
ture of the corrections is the same (actually, the homogeneous coefficients
are exactly the same).
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One interesting feature of the divergences is that the poles corresponding
to δ(1−ρ) and δ(ρ−a) in eq. (27) differ only in a global sign (−Pˆ∆qq¯←g(x) =
Pq←g(x)). This sign accounts for the opposite polarizations of the quark in
the γg → qq¯ process according to whether the quark is emitted in the photon
direction (ρ = 1) or in the opposite configuration (ρ = a).
Applying the factorization procedure, we obtain the following cross sec-
tion
dσ∆
dx dy dz
=
Y pλl
∑
i=q,q¯
ci
{∫ ∫
A
du
u
dρ
ρ
{
qi
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
δ(1− u)δ(1− ρ)
+ qi
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
αs
2π
Cf
[
Φ∆qq(u, ρ)−∆f˜
D
q (ρ)δ(1− u)
]
+ qi
(
x
u
,Q2
)
∆Dg
(
z
ρ
,Q2
)
×
αs
2π
Cf
[
Φ∆qg(u, ρ)−∆f˜
D
g (ρ)δ(1− u)−∆f˜
MI
q (u)δ(ρ− a)
]
+ g
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
αs
2π
Tf
[
Φ∆gq(u, ρ)−∆f˜
MI
g (u)δ(ρ− a)
]}
+
∫
B
du
u
(1− x)
{
M∆qi
(
x
u
, (1− x)z, Q2
)
δ(1− u)
+ M∆qi
(
x
u
, (1− x)z, Q2
)
αs
2π
Cf
[
Φ∆q(u)−∆f˜
MH
q (u)
]
+ M∆g
(
x
u
, (1− x)z, Q2
)
αs
2π
Tf
[
Φ∆g(u)−∆f˜
MH
g (u)
]}}
, (31)
which is free of collinear divergences.
3b. Double (initial- and final-state) Polarization
An analysis similar to that of subsection 3.a shields for ∆σ∆ the following
convolutions
∆σ∆ ∝ ∆fj/A(x/u)⊗∆H∆(u, ρ)⊗∆Dh/iα(z/ρ)
+(1− x) ∆M∆j,h/A(x/u, (1− x)z) ⊗H
′(u), (32)
12
where again the first term corresponds to current fragmentation processes
and the second to fragmentation of the target. In the former, ∆fj/A(x/u)
are now polarized parton distributions, ∆Dh/iα(z/ρ) are polarized fragmen-
tation functions, and ∆H∆ =
∑
λ1,λ2 λ1λ2H(λ1, λ2) is the partonic tensor
for polarized initial and final states. In the second term of eq. (32) we define
the doubly polarized fracture functions as
∆M∆ =Mj,h/A (+,+)−Mj,h/A (−,−)−Mj,h/A (+,−)+Mj,h/A (−,+) , (33)
and tensor H ′ =
∑
λ1,λ2 H(λ1, λ2), also integrated in ρ.
Using now the metric and longitudinal projectors
P µνM = −g
µν and P µνL =
4x2
Q2
P µP ν (34)
and defining the metric and longitudinal components of the total cross section
∆σ∆ = ∆σM∆+∆σL∆, (35)
we obtain
d∆σM∆
dx dy dz
= Y M
∑
i=q,q¯
2 ci
{∫ ∫
A
du
u
dρ
ρ
{
∆qi
(
x
u
)
∆Dqi
(
z
ρ
)
δ(1− u)δ(1− ρ)
+ ∆qi
(
x
u
)
∆Dqi
(
z
ρ
)
αs
2π
×
[
−
1 + ǫ
ǫˆ
(∆Pq←q(ρ)δ(1− u) + ∆Pq←q(u)δ(1− ρ)) + Cf∆Φ
M∆qq(u, ρ)
]
+ ∆qi
(
x
u
)
∆Dg
(
z
ρ
)
αs
2π
×
[
−
1 + ǫ
ǫˆ
(
∆Pg←q(ρ)δ(1− u) + ∆Pˆ∆gq←q(u)δ(ρ− a)
)
+ Cf∆Φ
M∆qg(u, ρ)
]
+ ∆g
(
x
u
)
∆Dqi
(
z
ρ
)
αs
2π
×
[
−
1 + ǫ
ǫˆ
(
∆Pq←g(u)δ(1− ρ) + ∆Pˆ∆qq¯←g(u)δ(ρ− a)
)
+ Tf∆Φ
M∆gq(u, ρ)
]}
+
∫
B
du
u
(1− x)
{
∆M∆qi
(
x
u
, (1− x)z
)
δ(1− u)
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+ ∆M∆qi
(
x
u
, (1− x)z
)
αs
2π
[
−
1− ǫ
ǫˆ
Pq←q(u) + Cf
]
+ ∆M∆g
(
x
u
, (1− x)z
)
αs
2π
[
−
1− ǫ
ǫˆ
Pq←g(u) + Tf∆Φ
M∆g(u)
]}}
(36)
and
d∆σL∆
dx dy dz
= Y L
∑
i=q,q¯
2 ci
{∫ ∫
A
du
u
dρ
ρ
{
∆qi
(
x
u
)
∆Dqi
(
z
ρ
)
αs
2π
Cf∆Φ
L∆qq(u, ρ)
+ ∆qi
(
x
u
)
∆Dg
(
z
ρ
)
αs
2π
Cf∆Φ
L∆Aqg(u, ρ)
+ ∆g
(
x
u
)
∆Dqi
(
z
ρ
)
αs
2π
Tf∆Φ
L∆gq(u, ρ)
}
+
∫
B
du
u
(1− x)
{
∆M∆qi
(
x
u
, (1− x)z
)
αs
2π
Cf∆Φ
L∆q(u)
+ ∆M∆g
(
x
u
, (1− x)z
)
αs
2π
Tf∆Φ
L∆g(u)
}}
(37)
While the longitudinal component, which is zero at leading order, is finite,
the collinearly divergent metric component has yet to be subtracted, using
the method indicated in the last subsection. We then use the NLO definition
of polarized parton distributions [15, 14] and polarized fragmentation func-
tions in the MSp scheme, and introduce the NLO doubly polarized fracture
functions by means of
∆M∆qi(ξ, ζ) =
∫ 1
ξ
1−ζ
du
u
{[
δ(1− u) +
αs
2π
1 + ǫ
ǫˆ
Pq←q(u)
]
∆M∆qi
(
ξ
u
, ζ, Q2
)
+
αs
2π
1 + ǫ
ǫˆ
Pq←g(u)∆M∆g
(
ξ
u
, ζ, Q2
)}
+
∫ ξ
ξ+ζ
ξ
du
u
u
x(1 − u)
{
αs
2π
1− ǫ
ǫˆ
∆Pˆ∆gq←q(u)∆qi
(
ξ
u
,Q2
)
∆Dg
(
ζu
ξ(1− u)
, Q2
)
+
αs
2π
1− ǫ
ǫˆ
∆Pˆ∆qq¯←g(u)∆g
(
ξ
u
,Q2
)
∆Dqi
(
ζu
ξ(1− u)
, Q2
)}
. (38)
In this case no, finite terms are subtracted since the corrections for the
fracture functions have exactly the same structure as those in the unpolarized
case. In fact, as can be seen in the contribution from the box diagram, finite
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soft terms (which for the box diagram are just the hat terms) coming from the
effects of the initial- and final-state polarization in the HVBM prescription
cancel leaving no soft contributions proportional to δ(ρ− a).
We then obtain the following finite metric component of the cross section
d∆σM∆
dx dy dz
=
Y M
∑
i=q,q¯
2 ci
{∫ ∫
A
du
u
dρ
ρ
{
∆qi
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
δ(1− u)δ(1− ρ)
+ ∆qi
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
×
αs
2π
Cf
[
∆ΦM∆qq(u, ρ)−∆f˜
D
q (ρ)δ(1− u)−∆f˜
F
q (u)δ(1− ρ)
]
+ ∆qi
(
x
u
,Q2
)
∆Dg
(
z
ρ
,Q2
)
×
αs
2π
Cf
[
∆ΦM∆qg(u, ρ)−∆f˜
D
g (ρ)δ(1− u)
]
+ ∆g
(
x
u
,Q2
)
∆Dqi
(
z
ρ
,Q2
)
×
αs
2π
Tf
[
∆ΦM∆gq(u, ρ)−∆f˜
F
g (u)δ(1− ρ)
]}
+
∫
B
du
u
(1− x)
{
∆M∆qi
(
x
u
, (1− x)z, Q2
)
δ(1− u)
+ ∆M∆qi
(
x
u
, (1− x)z, Q2
)
αs
2π
Cf∆Φ
M∆q(u)
+ ∆M∆g
(
x
u
, (1− x)z, Q2
)
αs
2π
Tf∆Φ
M∆g(u)
}}
(39)
where the finite terms subtracted from the polarized parton distributions
are
∆f˜Fq (u) = 4 (u− 1) and ∆f˜
F
g (u) = 2 (1− u) (40)
and the coefficients can be found in the Appendix.
Notice that both the single polarized (final-state) fracture function M∆
and the doubly polarized one ∆M∆ are not mere artefacts motivated by
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factorization, but they are physically motivated parton densities related to
target fragmentation. In the latter case they parametrize unpolarized parton
densities of a nucleon that fragments into a hadron with a definite polariza-
tion state. In the former case, they involve polarized parton distributions of
fragmented nucleons3.
At this stage, it is worth noticing that any factorization scheme can be
chosen as long as the distributions used had been obtained by means of a
consistent NLO analysis (with the corresponding splitting functions and co-
efficients in the same scheme). For instance, in the case of polarized parton
distributions, NLO parametrizations can be obtained from ref. [19] in the
MSp scheme, or from refs. [20, 21], in a mixed factorization scheme where
only the ∆f˜Fq (u) = 4(u− 1) has been substracted (∆f˜
F
g (u) = 0 in eq. (40)).
In the case of polarized fragmentation functions, no parametrizations are
available yet, but the same concepts apply to them, both in the case of cop-
utations using dimensional regularization or off-shell gluons, as in ref. [13],
to regularize the divergencies. The corresponding NLO polarized splitting
functions have been obtained very recently [22] in the mixed factorization
scheme (∆f˜Dq (y) = 4(y − 1) and ∆f˜
D
g (u) = 0 in eq. (14)) and will allow for
a complete NLO analysis of polarized fragmentation functions.
4. Summary and Conclusions
Summarizing our results, we have presented here the full O(αs) QCD
corrections to the semi-inclusive production cross section of polarized hadrons
in e+e− annihilation processes and polarized deep inelastic lepton-hadron
scattering using dimensional regularization and the HVBM scheme.
Generalizing the factorization prescription that excludes soft contribu-
tions in polarized deep inelastic (MSp) to polarized fragmentation functions
and to two new types of fracture functions, we have shown that this prescrip-
tion smoothly subtracts all the collinear divergences and soft contributions
3The notation used may be, up to a point, misleading: “double” and “single” refer to a
given combination of cross sections that will be proportional, in the end, to one or the other
fracture function. The partonic pictures for fracture functions are given by eqs. (25) and
(33), also confirmed by the kernels that drive their evolution (polarized or unpolarized) in
eqs. (27) and (36).
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present in the semi-inclusive production of polarized hadrons in polarized
DIS without introducing kinematical cuts or other process-dependent pro-
cedures. We present for completeness also our results in the more familiar
MS scheme, that offer the same advantages with respect to factorization,
but with a less trivial interpretation for parton distributions.
In the case of polarized fragmentation functions, we find our results com-
patible with the ones presented in ref. [13], computed using a different reg-
ularization prescription. Of course, both results can be consistently used as
long as the scheme dependence is cancelled by the use of the corresponding
NLO splitting functions in the chosen scheme.
The evolution kernels obtained here for fracture functions also allow to
study the pertubative component of the scale dependence, at least to leading
order, of these densities, unveiling new aspects of target fragmentation pro-
cesses induced by DIS. In this way we produce a fully consistent, physically
motivated and complete set of QCD-corrected cross sections, of interest in
future phenomenological approaches and forthcoming experiments.
17
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Appendix
We append here the coefficients, some definitions and useful relations.
a. Coefficients for single polarization
Φ∆qq(u, ρ) =
− 8 δ(1− u)δ(1− ρ)−
1
(1− u)+
(1 + ρ)−
1
(1− ρ)+
(1 + u)
+ δ(1− u)
[
ρ− 1− (1 + ρ) ln(1− ρ) +
1 + ρ2
1− ρ
ln ρ+ 2
(
ln(1− ρ)
1− ρ
)
+
]
+ δ(1− ρ)
[
1− u− (1 + u) ln(1− u) +
1 + u2
1− u
ln
1− x
u− x
+ 2
(
ln(1− u)
1− u
)
+
]
+ 2
1
(1− ρ)+
1
(1− u)+
+ 2 (2 + u) (1− x)− 2 (2− ρ) (1− x)2
+
x (6 x (1− ρ)(1− x) + x (1− ρ)− 2 + 2 ρ (1− x2))
u− x
+
(1− ρ) (1− x) x2 (2 x− 1)
(u− x)2
(41)
Φ∆qg(u, ρ) = δ(1− u)(2− ρ) ln[(1− ρ) ρ] +
(
1
1− u
)
+
(2− ρ)
+ δ(ρ− a)(1 + u) ln
1− u
u
+
(
1
ρ− a
)
+
(1 + u)
− 2(1− ρ)2(1 + ρ2) ̂δ(1− u)− 1 + 2 (1− ρ) (2 x− 1)
1− x
+
u− 2 u2(1− x)
u− x
−
2 (1− ρ) (1− u) xu (1− x)
(u− x)2
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+
2 (1− ρ) (1− u) x2
(1− x) (u− x)
+
(1− ρ) (1− u) x2
(u− x)2
− 2 ̂δ(ρ− a)
(42)
Φ∆gq(u, ρ) = δ(1− ρ)
[
1 + (1− 2u+ 2u2)
(
−1 + ln
(1− u)(1− x)
u− x
)]
+
(
1
1− ρ
)
+
(1− 2u+ 2u2) + 2(1− u) ̂δ(ρ− a)
+ δ(ρ− a)
[
1− (1− 2u+ 2u2)
(
−1 + ln
1− u
u
)]
−
(
1
ρ− a
)
+
(1− 2u+ 2u2) (43)
Φ∆q(u) = −
1 + u2
1− u
ln(u)− (1 + u) ln(1− u) + 2
(
ln(1− u)
(1− u)
)
+
−
3
2
(
1
1− u
)
+
+ 3u+ (−
9
2
−
π2
3
)δ(1− u)− 2 ̂(1− u) (44)
Φ∆g(u) = 2
̂(1− u) + (2u− 1) [ln(1− u
u
)
− 1
]
(45)
b. Coefficients for double polarization
i. Metric
∆ΦM∆qq(u, ρ) =
− 8 δ(1− u)δ(1− ρ)−
1
(1− u)+
(1 + ρ)−
1
(1− ρ)+
(1 + u)
+ δ(1− u)
[
ρ− 1− (1 + ρ) ln(1− ρ) +
1 + ρ2
1− ρ
ln ρ+ 2
(
ln(1− ρ)
1− ρ
)
+
]
+ δ(1− ρ)
[
u− 1− (1 + u) ln(1− u) +
1 + u2
1− u
ln
1− x
u− x
+ 2
(
ln(1− u)
1− u
)
+
]
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+ 2
1
(1− ρ)+
1
(1− u)+
+
(1− ρ) x (2 u− x− u x)
(u− x)2
+
2 (u− x− u x)
u− x
(46)
∆ΦM∆qg(u, ρ) = δ(1− u)(2− ρ) ln[(1− ρ) ρ] +
(
1
1− u
)
+
(2− ρ)
+ δ(ρ− a)(1 + u)
[
2 + ln
1− u
u
]
+
(
1
ρ− a
)
+
(1 + u)
− 2 (1− ρ2) ̂δ(1− u)− 2 (1− x) + (1− ρ) x
u− x
−
ρ (1− x) x
u− x
+
(1− ρ) (1− x) x2
(u− x)2
+
x2
u− x
− 2 u ̂δ(ρ− a) (47)
∆ΦM∆gq(u, ρ) = δ(1− ρ)(2u− 1)
(
ln
(1− u)(1− x)
u− x
)
+
(
1
1− ρ
)
+
(2u− 1)−
(
1
ρ− a
)
+
(2u− 1)
+ δ(ρ− a)(2u− 1)
(
−2 − ln
1− u
u
)
+ 2(1− u) ̂δ(1− ρ) (48)
∆ΦM∆q(u) = −
1 + u2
1− u
ln(u)− (1 + u) ln(1− u) + 2
(
ln(1− u)
1− u
)
+
−
3
2
(
1
1− u
)
+
+ 3− u+ (−
9
2
−
π2
3
)δ(1− u) (49)
∆ΦM∆g(u) = (1− 2u+ 2u
2)
(
ln
1− u
u
− 1
)
(50)
ii. Longitudinal
∆ΦL∆qq(u, ρ) =
2(ρ− a)u3(1− x)3
(u− x)2
(51)
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∆ΦL∆qg(u, ρ) = −2(1− ρ)u
3 (1− x)
2
(u− x)2
(52)
∆ΦL∆gq(u, ρ) = 0 (53)
∆ΦL∆q(u) = u (54)
∆ΦL∆g(u) = 2u(1− u) (55)
c. Splitting functions
We include here the expressions for the virtual [17] and real [18] splitting
functions:
∆Pq←q(u) = Pq←q(u) = Cf
[
2
(
1
1− u
)
+
+
3
2
δ(1− u)− 1− u
]
∆Pq←g(u) = ∆Pˆqq¯←g(u) = −∆Pˆ∆qq¯←g(u) = Tf [2u− 1]
Pq←g(u) = −Pˆ∆qq¯←g(u) = Tf
[
2u2 − 2u+ 1
]
(56)
∆Pg←q = Pˆ∆gq←q(1− u) = ∆Pˆ∆gq←q(1− u) = Cf [2− u]
Pg←q(u) = ∆Pˆgq←q(1− u) = Cf
[
2
1
u
− 2 + u
]
d. Coefficients for single initial-state polarization
We include here the coefficients from ref. [10] adapted to the definition
of the ()+ prescriptions used in ref. [8]:
∆Φqq(u, ρ) =
− 8 δ(1− ρ)δ(1− u)−
(
1
1− ρ
)
+
(1 + u)−
(
1
1− u
)
+
(1 + ρ)
+
[
(1− ρ) +
1 + ρ2
1− ρ
ln ρ− (1 + ρ) ln(1− ρ) + 2
(
ln(1− ρ)
1− ρ
)
+
]
δ(1− u)
+
[
−(1− u) +
1 + u2
1− u
ln(
1− x
u− x
)− (1 + u) ln(1− u) + 2
(
ln(1− u)
1− u
)
+
]
δ(1− ρ)
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−
(1− ρ) (1− u+ (1− x) (−1 + u (1 + 2 u) (1− x)− x))
(u− x)2
+
4 u (1− x)
u− x
−
2 (1− u) u (1− x)
u− x
−
2 x
u− x
+ 2
(
1
1− ρ
)
+
(
1
1− u
)
+
− 2(1− u) ̂δ(1− ρ)
(57)
∆Φqg(u, ρ) = δ(1− u)
[
ρ+
(
ρ+
2
ρ
− 2
)
ln (ρ(1− ρ))
]
+ δ(ρ− a)
[
−2 ̂(1− u)− (1− u) + 1 + u2
1− u
ln
1− u
u
]
−
2 (1− ρ)2
ρ (1− u)
+
−2 u
(ρ− a)(1− u)
−
2 (1− u) u (1− x)
u− x
+
2 (1− ρ)2 u3 (1− x)2
(ρ− a) (1− u) (u− x)2
+
(2− ρ) x
u− x
+
(
1
ρ− a
)
+
1 + u2
1− u
+
(
1
1− u
)
+
(
ρ+
2
ρ
− 2
)
+
(1− ρ) u (1− x) x
(u− x)2
(58)
∆Φgq(u) = δ(1− ρ)
[
2 ̂(1− u) + (2u− 1) ln((1− x)(1− u)
u− x
)]
+ δ(ρ− a)
[
2 ̂(1− u) + (2u− 1) ln 1− u
u
]
+ (2u− 1)
[(
1
1− ρ
)
+
+
(
1
ρ− a
)
+
]
− 2u
1− x
u− x
(59)
∆Φq(u) = −
1 + u2
1− u
ln(u)− (1 + u) ln(1− u) + 2
(
ln(1− u)
1− u
)
+
−
3
2
(
1
1− u
)
+
+ 3u+
(
−
9
2
−
π2
3
)
δ(1− u)− 2 ̂(1− u) (60)
∆Φg(u, ρ) = 2
̂(1− u) + (2u− 1) [ln(1− u
u
)
− 1
]
(61)
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Figure 1: a: Lowest order diagram for e+e− anihilation; b, c, d: Virtual
gluon corrections to 1a
Figure 2: Real gluon emission corrections to e+e− anihilation
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Figure 3: a: Lowest order parton-photon graph; b, c, d: Virtual gluon
corrections graphs to 3a
Figure 4: Real gluon emission corrections to DIS
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Figure 5: Gluon contribution (box diagram) to DIS
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